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Abstract
We consider and extend results on basic path logic and the ordered fragment of first-order logic, both of which
originate from the functional translation of modal logic. Basic path logic is a subclass of the clausal class for
the ∃*∀*-fragment and has the remarkable property that binary resolution decides it. This decidability result
and the consequence finding completeness of binary resolution allows us to observe that binary resolution also
decides uniform interpolation and computes uniform interpolants for basic path logic. By introducing constant
Skolemisation, we show that sentences of the ordered fragment can be transformed into basic path logic, and
this transformation preserves logical consequences in the ordered fragment. We characterise the search space of
the SCAN algorithm on the clausal form of the ordered fragment by a variation of basic path logic and prove
that SCAN terminates on this class, and therefore it decides second-order quantifier elimination for this class.
It remains unclear whether uniform interpolants in the ordered fragment can be extracted from the output of
SCAN.

Keywords
First-order logic, Second-order quantifier elimination, Uniform interpolation, SCAN, Resolution

In this paper we investigate the application of resolution and the SCAN algorithm [1] in computing
uniform interpolants and solving second-order quantifier elimination for basic path logic [2, 3].

We say that a clause is prefix-stable for variables if for any variable in the clause, its prefix in any
argument sequence (in which it occurs) is the same [4]. For example, the first clause below is prefix
stable for variables and the second is not (where 𝑦 has two different prefixes):

𝑃 (𝑥, 𝑦) ∨𝑄(𝑥, 𝑦, 𝑎)

𝑃 (𝑥, 𝑦) ∨𝑄(𝑎, 𝑦, 𝑧).

By basic path logic (𝐵𝑃𝐿) we understand the clausal class in which: (i) all argument sequences contain
only variables and constants, and (ii) all clauses have prefix stability for variables. This implies that
𝐵𝑃𝐿 is a subclass of the clausal class for the ∃*∀*-fragment of first-order logic.

Basic path logic has been introduced as the clausal class associated with modal logic KD based on
the world path semantics and the functional translation to first-order logic [2, 3]. Basic path logic is
computationally well-behaved: it is decidable by binary resolution without special refinements (no
ordering- or selection-based restriction of inferences is needed to force termination) [3]. This implies
that any sound and refutationally complete ordering- and/or selection-based refinement provides
a decision procedure for this class. (On the side we remark that these observations do not extend
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to the ∃*∀* clausal class, which is NEXPTIME-complete and can be decided by a range-restriction
transformation and hyper-resolution [5].) Further, the performance of resolution theorem provers
is superior for modal logic problems when they are mapped to basic path logic than when they are
mapped to the guarded fragment using the standard relational translation [6, 7].

In the ordered fragment of first-order logic, the argument sequence of each predicate is of the form
(𝑥1, 𝑥2, . . . , 𝑥𝑛), and if 𝑖 < 𝑗, no quantifier binding 𝑥𝑗 out-scopes any quantifier binding 𝑥𝑖. For
example, the sentence below belongs to the fragment:

∀𝑥1∃𝑥2(𝑅(𝑥1, 𝑥2) ∧ ∀𝑥3¬𝑆(𝑥1, 𝑥2, 𝑥3)).

The ordered fragment first appeared in the “fluted schema” introduced by W. V. Quine [8, 9], but the
formal definition we follow was given, independently of Quine’s work, by A. Herzig [10], where the
term “ordered formula” was coined. Herzig proposed a linear reduction from satisfiability of ordered
formulas to satisfiability in KD , which implies that the former is decidable in PSPACE. Also, it is proved
in [2] that the quantifier prefix in the prenex normal form of any ordered formula can be freely permuted
without affecting satisfiability; thus, by this permutability, every ordered formula can be transformed
into 𝐵𝑃𝐿 [11, 3].

Second-order quantifier elimination (SOQE) is the problem of reducing a formula ∃𝑋𝜙, where 𝑋 are
predicate variables and 𝜙 is a first-order formula, to an equivalent first-order formula 𝜓 (possibly with
equality) that does not contain any of the predicate symbols 𝑋 [1, 12]. For example,

∃𝑋(𝑋𝑎 ∧ ∀𝑥(𝑋𝑥→ 𝐵𝑥)) ≡ 𝐵𝑎 and ∃𝑋(𝑋𝑎 ∧ ¬𝑋𝑏) ≡ 𝑎 ̸≈ 𝑏.

SOQE is an important topic of artificial intelligence that has real-world applications in diverse
areas, from knowledge representation, knowledge sharing and communication of agents, to answer
set programming and logic, including description logics and modal correspondence theory. SOQE has
been studied in the guise of forgetting [13], strongest necessary and weakest sufficient conditions in
knowledge representation [14, 15, 16, 17, 18, 19], symbol elimination and projection [20]. SOQE has
applications in knowledge representation for ontology extraction, ontology comparison, and abductive
reasoning [15, 16, 21, 22, 23, 24, 25], and in artificial intelligence for common-sense reasoning and
circumscription [1], databases [12] and answer set programming [26, 27].

SOQE is tightly connected to the problem of computing uniform interpolants. Given a first-order
formula 𝜙 and a subset Σ of sig(𝜙), the signature of 𝜙, a uniform interpolant of 𝜙 with regard to Σ is a
first-order formula 𝜓 such that sig(𝜓) = Σ and

|= 𝜙→ 𝜒 iff |= 𝜓 → 𝜒 for every 𝜒 with sig(𝜙) ∩ sig(𝜒) ⊆ Σ.

Note that if 𝑋 = sig(𝜙) ∖ Σ and 𝜓 is the result of SOQE for 𝜙, i.e., 𝜓 ≡ ∃𝑋𝜙, then 𝜓 is a uniform
interpolant of𝜙with regard to Σ. For example,𝐵𝑎 is a uniform interpolant of𝑋𝑎∧∀𝑥(𝑋𝑥→ 𝐵𝑥) with
regard to the signature containing only 𝐵 and 𝑎, and 𝑎 ̸≈ 𝑏 is a uniform interpolant of 𝑋𝑎 ∧ ¬𝑋𝑏 with
regard to the signature containing only 𝑎 and 𝑏. Also, when we are interested in uniform interpolation
in a fragment of first-order logic, the aforementioned 𝜙, 𝜓 and 𝜒 are assumed to be formulas of the
fragment in question. In other words, the construction of uniform interpolants is dependent on the
target language. For example, a uniform interpolant of 𝑋𝑎 ∧ ¬𝑋𝑏 is ⊤ in first-order logic without
equality (instead of 𝑎 ̸≈ 𝑏). However, the target language of SOQE is always assumed to be first-order
logic with equality.

There are few settings in which SOQE and uniform interpolation are known to be decidable. For
propositional logic SOQE and uniform interpolation are decidable, but in more general settings, e.g., for
many modal logics, description logics and first-order logic, they are not even semi-decidable.

Efforts to automate modal correspondence theory led to the development of the SOQE algorithm SCAN
for first-order clause logic [1, 28]. Given a clause set 𝑁 and predicate variables 𝑋 , the SCAN algorithm



Table 1
The C-inference rules.

C-Resolution
𝐶 ∨𝑋(𝑠) 𝐷 ∨ ¬𝑋(𝑡)

𝐶 ∨𝐷 ∨ 𝑠 ̸≈ 𝑡
provided 𝑋 is predicate variable, the two premises have no individual variables in common, and the
premises are distinct (to prevent self-resolution).

C-Factoring
𝐶 ∨ (¬)𝑋(𝑠) ∨ (¬)𝑋(𝑡)

𝐶 ∨ (¬)𝑋(𝑠) ∨ 𝑠 ̸≈ 𝑡
provided 𝑋 is a predicate variable.

attempts to eliminate the symbols 𝑋 in an iterative process performing all necessary inferences upon
𝑋-literals and deleting clauses once they are no longer needed. On successful termination, the returned
clause set 𝑀 is equivalent to ∃𝑋𝑁 . The soundness of SCAN for the SOQE problem has been proved
in [1], but because of the inherent undecidability of SOQE it cannot generally be complete. It was
however shown that SCAN is complete for solving the correspondence problem of the class of Sahlqvist
axioms in modal logic [29]. It is also known to be sound and complete for propositional problems.
Moreover, if SCAN does not terminate then the conjunction of the infinite set of persisting clauses
(closed under first-order universal quantification and) free of predicate variables from 𝑋 is a solution to
the problem [1].

When SCAN is applied to a first-order formula 𝜙, the formula is first transformed into clausal form
as implemented in the Otter theorem prover. This involves four steps: (i) transforming the formula into
prenex normal form 𝑄𝑥𝜙′, which moves the quantifiers to the outside of the formula so that 𝜙′ is free
of quantifiers. (ii) Skolemisation: the replacement of existentially quantified variables by Skolem terms
and dropping the existential quantifiers, which results in a formula ∀𝑦𝜙′′ where 𝜙′′ is quantifier-free
and 𝑦 ⊆ 𝑥. In the next step, (iii), 𝜙′′ is transformed into conjunctive normal form. The clausal form
𝑁 = Cls(𝜙) is then obtained by (iv) writing 𝜙′′ as a set of clauses.

The idea of the SCAN algorithm is to generate sufficiently many logical consequences of 𝑁 and keep
only those non-redundant clauses in which no symbols from 𝑋 occur. This is realised by a saturation
process which interleaves (i) inference steps, (ii) normalisation and redundancy elimination steps, and
(iii) purifying deletion steps. These are based on the inference system C defined by the rules given in
Tables 1 and 2. Also, we assume that clauses are eagerly normalised using:

Constraint elimination: 𝐶 ∨ 𝑠 ̸≈ 𝑡 ⇒CEl 𝐶𝜎
if 𝜎 is a most general unifier of 𝑠 ≈ 𝑡, i.e., 𝑠𝜎 = 𝑡𝜎 and 𝜎 is the most general substitution with
this property.

Because of the mentioned nice properties of basic path logic in resolution, the question arises whether
the SCAN algorithm can be applied to solve the SOQE problem and compute uniform interpolants
in this case, and what can be concluded for the ordered fragment. The main research questions and
contributions of this paper are the following:

1. Uniform Interpolation in Basic Path Logic. Since unrefined binary resolution is in general
complete for consequence finding [30], and, with subsumption deletion, it is guaranteed to terminate on
clauses of basic path logic, unrefined binary resolution with subsumption deletion is a decision procedure
for consequence finding (up to subsumption) in basic path logic. Also, as a uniform interpolant of
a formula (with regard to a signature) is the strongest logical consequence of the formula (over the
signature), this in turn implies that binary resolution with subsumption deletion computes uniform
interpolants in basic path logic.



Table 2
The C-resolution system.

Inference 𝑁
𝑁 ∪ {norm(𝐶)}

where 𝐶 is a C-resolvent or C-factor of clauses in 𝑁 , and 𝐶 ⇒*
CEl norm(𝐶).

Redundancy elimination 𝑁
𝑀

if𝑀 is obtained from 𝑁 by redundancy elimination.

Purified clause deletion 𝑁 ∪ {𝐶 ∨ (¬)𝑋(𝑠)}
𝑁

provided 𝑋 is a predicate variable and 𝐶 ∨ (¬)𝑋(𝑠) is purified in 𝑁 with respect to the 𝑋-literal (¬)𝑋(𝑠),
i.e., no non-redundant inferences are possible with the clause 𝐶 ∨ (¬)𝑋(𝑠) upon the literal (¬)𝑋(𝑠) and
clauses in 𝑁 .

Extended purity deletion+(−) 𝑁 ∪𝑀
𝑁

if 𝑁 and𝑀 are disjoint, 𝑁 is free of predicate variable 𝑋 , and every clause in𝑀 contains 𝑋 positively
(negatively).

2. Characterisation of the Search Space of SCAN on Basic Path Logic with Fixed Constant
Positions. The SCAN algorithm based on constraint resolution replaces unification in the resolution
and factoring rules by adding inequalities (constraints) to conclusions. These constraints fall outside
the scope of the language of basic path logic, which means the latter is insufficient to characterise the
search space of SCAN. For that reason, and because 𝐵𝑃𝐿 is slightly more general than it needs to
be for deciding the ordered fragment and modal logic KD , we introduce the clausal class 𝐵𝑃𝐿 ̸≈

𝑓𝑐𝑝, in
which inequalities are allowed and constants have fixed argument positions.

We assume that each constant is associated with an index 𝑖, which stands for the argument position
in which the constant is allowed to occur in non-constraint literals. 𝐵𝑃𝐿 ̸≈

𝑓𝑐𝑝 is the class of ∃*∀* clauses
in which the following conditions hold. For any two non-constraint literals (¬)𝑃 (𝑢) and (¬)𝑄(𝑣) in a
clause 𝐶 ,

L1 if 𝑢𝑖 and 𝑣𝑗 are the same variable then 𝑖 = 𝑗, and

L2 if 𝑢𝑘, 𝑣𝑘, 𝑢𝑖 and 𝑣𝑖 are all variables, 𝑢𝑖 is the same as 𝑣𝑖, and 𝑘 < 𝑖, then 𝑢𝑘 and 𝑣𝑘 are the same.

L3 For any constant 𝑎, if the index of 𝑎 is 𝑖 then 𝑎 occurs only at argument position 𝑖 in non-constraint
literals of any clause.

L4 In each constraint 𝑢 ̸≈ 𝑣 of a clause 𝐶 , 𝑢 and 𝑣 are position compatible, i.e., if 𝑢 is a variable
occurring at argument position 𝑖 in a non-constraint literal of 𝐶 or 𝑢 is a constant with index 𝑖,
then either 𝑣 is a variable occurring at argument position 𝑖 in a non-constraint literal of 𝐶 , 𝑣 is
singular (does not occur anywhere else in 𝐶) or 𝑣 is a constant with index 𝑖. We say that the
position associated with 𝑢 ̸≈ 𝑣 is 𝑖.

We show that 𝐵𝑃𝐿 ̸≈
𝑓𝑐𝑝 is closed under the rules of SCAN, and thus each clause in the search space

of SCAN belongs to 𝐵𝑃𝐿 ̸≈
𝑓𝑐𝑝 when the input is a set of 𝐵𝑃𝐿 clauses where constants occur in fixed

argument positions (i.e., L3 is safisfied).

3. Termination and Completeness of SCAN on𝐵𝑃𝐿 ̸≈
𝑓𝑐𝑝. We further show that the set of𝐵𝑃𝐿 ̸≈

𝑓𝑐𝑝-
clauses over a finite relational signature is finitely bounded modulo condensing (a form of subsumption



deletion). This implies that SCAN is a decision procedure for SOQE and is SOQE-complete for 𝐵𝑃𝐿 ̸≈
𝑓𝑐𝑝.

The result can be seen to follow from the characterisation and properties of 𝐵𝑃𝐿 in [11, 3], noting that
normalised conclusions of SCAN inferences are either standard resolvents or conditionals enumerating
the coincidence of pairs of constants with the same indices.

4. Consequence-Preserving Clausification for the Ordered Fragment. The previous transfor-
mation of ordered formulas to clauses in 𝐵𝑃𝐿 or 𝐵𝑃𝐿 ̸≈

𝑓𝑐𝑝 involves an unusual quantifier exchange
operation [2]. Although it is sufficient for solving the satisfiability problem, for uniform interpolation
we need a clausification that preserves logical consequences in the ordered fragment. To address this
problem, we define constant Skolemisation (CSk), in which new constants are introduced for all elimi-
nated quantifiers and no functional terms are added. (The definition below is adapted from that of inner
Skolemisation [31, 32] presented in [12, §3.3.5].) Let 𝜑 be a first-order formula in which no occurrence
of subformulas of 𝜑 is of zero polarity. The constant Skolemisation of 𝜑, written CSk(𝜑), is the result of
exhaustive application of the following operation.

1. If 𝛿 is an occurrence of a subformula of the form ∃𝑥𝛾 and is of positive polarity, pick a fresh
constant 𝑐 and replace 𝛿 by 𝛾(𝑥/𝑐), the result of substituting 𝑐 for 𝑥 in 𝛾.

2. If 𝛿 is an occurrence of a subformula of the form ∀𝑥𝛾 and is of negative polarity, pick a fresh
constant 𝑐 and replace 𝛿 by 𝛾(𝑥/𝑐), the result of substituting 𝑐 for 𝑥 in 𝛾.

For example,

CSk(∀𝑥∃𝑦∀𝑧𝑃 (𝑥, 𝑦, 𝑧)) = ∀𝑥∀𝑧𝑃 (𝑥, 𝑐, 𝑧)
CSk(∃𝑥∀𝑦(𝑅(𝑥, 𝑦) ∨ ¬∀𝑧𝑆(𝑥, 𝑦, 𝑧))) = ∀𝑦(𝑅(𝑐1, 𝑦) ∨ ¬𝑆(𝑐1, 𝑦, 𝑐2)).

Based on [33], where the bisimulation for the ordered fragment is proposed and a characterisation of
its expressivity is provided, we show that, for any sentences 𝜑 and 𝜓 of the ordered fragment,

|= 𝜑→ 𝜓 iff |= CSk(𝜑) → 𝜓.

Moreover, it is clear that the clausification of ordered sentences using CSk also results in 𝐵𝑃𝐿 and
𝐵𝑃𝐿 ̸≈

𝑓𝑐𝑝 clauses.

5. Uniform Interpolation in the Ordered Fragment. Unskolemisation of a clause set returned by
SCAN is always possible since the clauses in question contain only variables and constants. Specifically,
every such clause set can be expressed as a first-order formula in prenex normal form with a ∃*∀*
quantifier prefix. However, such a formula is in general not expressible in the ordered fragment.

As a partial solution to the problem, we show that, in the output of SCAN, clauses with inequalities
between constants can be deleted without any cost on logical consequences in equality-free first-order
logic, and therefore we can obtain a “uniform interpolant” expressed in basic path logic. It remains
open whether an additional procedure can be devised to construct a uniform interpolant in the ordered
fragment.
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