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Abstract

Propositional formulas frequently contain implicitly defined variables, and extracting their explicit definitions is
often useful. Following the standard proof of Beth’s definability theorem, these definitions can be obtained as
Craig interpolants of formulas expressing implicit definability. In practice, one calls a SAT solver for each defined
variable and extracts an interpolant from the resulting resolution proof. We propose an alternative approach
where a single resolution refutation serves as a witness of definability for a set of variables. We then present
a simple modification of standard interpolation systems that constructs a multi-output circuit representing all
definitions in one pass over this proof. The running time and circuit size are O(nm), where n is the number of
defined variables and m the proof size. Preliminary experiments on Boolean functional synthesis benchmarks
show that the single refutation witnessing definability is produced at least as quickly as the sequence of proofs
of a per-variable baseline, but that the multi-output circuits are typically larger, sometimes substantially so on
instances with many definitions. Extraction that asymptotically improves upon O(nm) is identified as the main
open question.
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1. Introduction

Several problems in formal methods ask for Boolean functions that satisfy a propositional specification.
Boolean Functional Synthesis [1], Quantified Boolean Formulas [2], and Dependency QBF [3] can all be
viewed as such synthesis problems, differing in the dependencies that the functions are allowed to have.
Identifying implicitly defined variables—those whose value is uniquely determined by the specification—
and computing their explicit definitions can simplify the synthesis problem, and sometimes solve it
outright.

By Beth’s definability theorem, every variable that is implicitly defined in a formula has an explicit
definition, and that definition can be obtained as a Craig interpolant of a formula expressing implicit
definability [4]. Modern CDCL SAT solvers can produce refutations of these formulas in standard
proof formats such as RUP [5, 6] and LRAT [7]. In principle LRAT is stronger than resolution, but in
practice—after disabling a handful of preprocessing techniques at negligible cost—the proofs CDCL
solvers emit are succinct resolution refutations, allowing the use of well-known constructions for
extracting interpolants [8, 9, 10, 11]. This yields a practical pipeline for definition extraction: invoke a
SAT solver on the implicit definability formula and compute an interpolant from the resolution proof if
the formula is unsatisfiable.

This procedure has been used to good effect in several recent tools [12, 13, 14, 15]. One of its
limitations is that it requires one SAT call per (defined) variable. On instances with many defined
variables, which occur in Boolean functional synthesis, the cumulative cost of these calls dominates the
running time of the preprocessing phase, even when techniques such as incremental SAT solving are
used.

We propose an alternative scheme that obtains explicit definitions for an entire set of defined variables
with a single SAT call. The solver returns a resolution refutation of a propositional formula expressing
joint implicit definability of all n target variables. The formula for an individual variable is recovered
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by applying a partial assignment. We show how to modify an interpolation system to compute an
interpolant under such a partial assignment, and use this generalisation to extract all n definitions from
the refutation in a single pass. The running time and the size of the resulting multi-output circuit are
both O(nm), where m is the proof size.

We implemented and evaluated the algorithm on a standard benchmark set for Boolean functional
synthesis [1]. A naive implementation produced highly redundant circuits, but a handful of structural
observations brought it down to a practically viable form. Compared with an optimised per-variable
extractor that used incremental SAT solving, our implementation produced refutations at comparable
or better speed, but the multi-output circuits it constructed were typically larger. This circuit-size gap
dominated the runtime, especially on instances with many definitions.

The remainder of the paper is organised as follows. Section 2 establishes notation and recalls relevant
background. Section 3 introduces the interpolation system that computes interpolants under partial
assignments, proves it correct, and uses it to extract a vector of definitions from a single refutation.
Section 4 describes our implementation and reports experimental results. Section 5 concludes with a
discussion and identifies the main open challenges.

2. Preliminaries

Propositional Formulas. Let )V be a countably infinite set of propositional variables. A literal is a
variable v or its negation —w; the negation of a literal ¢ is written 0. A clause C = 01V - - - \/ {}, is a finite
set of literals, and the empty clause is denoted L. A formula in conjunctive normal form (CNF) is a finite
set of clauses, identified with their conjunction. We write var(¢p) for the set of variables occurring in ¢
and ¢ = 9 for the entailment relation. For a clause C' and a set of variables .S, the restriction C|s is the
disjunction of those literals of C' whose variables lie in S.

A partial assignment is a partial function o : V — {L, T}; its domain dom (o) is the set of variables
on which o is defined, and o is a (total) assignment when dom (o) 2 var(yp) for the formula ¢ under
consideration. We identify a partial assignment with the set of literals it satisfies: o assigns T to a
variable v iff v € 0, and L iff v € ¢. Given a formula F' and a partial assignment o, we write F'[o]
for the formula obtained by replacing every occurrence of each variable v € dom(o) in F by o(v)
and simplifying the resulting Boolean constants in the standard way. For a CNF formula F, F'[o] is
again in CNF: each clause C' € F’ is removed if it contains a literal satisfied by o, and otherwise has its
o-falsified literals dropped.

Resolution. The resolution rule derives a clause C'V D from C' V p and D V —p; the variable p is the
pivot of the step. A resolution refutation of a CNF ¢ is a sequence C1, ..., Cy, = L in which each Cj is
either a clause of ¢ or the result of resolving two earlier clauses; ¢ is unsatisfiable if and only if such
a refutation exists. A refutation has a natural directed acyclic graph (DAG) structure with the input
clauses as sources and each derived clause connected to its two parents; the refutation is tree-like (or
linear) when this DAG is a tree, that is, when each derived clause is consumed at most once.

Boolean Circuits. A Boolean circuit over inputs X is a directed acyclic graph whose sources are
labelled with the variables in X and whose internal vertices (gates) compute Boolean functions of their
fan-in. We work with De Morgan circuits, whose gates are binary A, binary V, unary —, and the nullary
constants | and T. The size of a circuit is its number of internal gates. A multi-output circuit designates
several gates as outputs and computes a tuple of Boolean functions of the inputs, sharing all gates that
are reachable from more than one output.

Interpolation. Let A and B be CNFs with A A B = L. A Craig interpolant of (A, B) is a Boolean
circuit I over the shared variables var(A) N var(B) such that A = I and I A B = 1. A Craig
interpolant always exists, and several interpolation systems construct one as a Boolean circuit by
traversing a resolution refutation of A A B [8, 9, 10, 11].



We use the interpolation system of McMillan [11]. Every clause C' in a resolution refutation of A A B
is annotated with a partial interpolant itp(C), a circuit over var(A) N var(B), defined inductively:

» For an input clause C' € A, itp(C') = C|yq4p(p). For C € B, itp(C) = T.
« If C is derived from C; and C5 by resolving on a pivot p, then

itp(Cy) Vitp(C2) ifp € var(A) \ var(B),
itp(C1) N itp(Cz)  otherwise.

itp(C) = {

Every partial interpolant satisfies the invariant

A ’: th(C) v C|Uar(A)\var(B) and B A th(C) ': C|var(B)' (1)

For the empty clause both restrictions vanish, so itp(.L) is a Craig interpolant of (A, B) [11].

Beth’s Definability Theorem. A variable y is implicitly defined by a set of variables X C var(y) \
{y} in a CNF ¢ if every two satisfying assignments of ¢ that agree on X also agree on y. An explicit
definition of y in terms of X is a Boolean circuit f over X with ¢ =y > f(X). Beth’s theorem [16]
states that the two notions coincide: y is implicitly defined by X in ¢ if and only if it has an explicit
definition in terms of X.

Let ¢’ denote o with every variable v € var(y) \ X renamed to a fresh copy v'. Then y is implicitly
defined by X in ¢ if and only if the formula

e Ny AN Ay (2)

is unsatisfiable, in which case any Craig interpolant of (¢ A y, ¢’ A —1/) is an explicit definition of y in
terms of X [4].

3. Obtaining Multiple Definitions from a Single Resolution Proof

Let ¢ = ¢(X,Y, Z) be a propositional formula, where Y = {y1, ...,y }. Then every y; is defined by
X in ¢ if and only if the following formula is unsatisfiable:

n

(XY, Z)No(X, Y, ZVN N\ (Wi Vi v e) A (=i Vs Ved) A/ —ei (3)
=1

i=1

A B

G

The final clause is satisfied only if one of the ¢; is false, which requires y; and y; to take on different

values. Accordingly, a satisfying assignment exists if and only if there is a y; that is not defined by
X in . A formula equivalent to (2) representing definability of y; € Y can be obtained by applying
the partial assignment o; = {y;, =y}, —e;} U {e; : j # i} to (3): group A simplifies to ¢ A y;, group
B becomes ¢’ A =y, and all clauses in group G are satisfied. In the next subsection, we show how
to modify an interpolation system to compute interpolants from refutations of formulas of this shape
under a suitable partial assignment.

3.1. Computing Interpolants under Partial Assignments

Let A A B A G be an unsatisfiable propositional formula and o a partial assignment of its variables
such that dom(c) N var(A) Nvar(B) = @ and o |= G. Define 04 = 0|yar(4)> B = Olyar(p)- Then
A Noa A B A op is unsatisfiable, and there exists a Craig interpolant of (A A o4, B A op) over
var(A) N var(B). We modify McMillan’s interpolation system (see Section 2) to compute such an
interpolant from a resolution refutation of A A B A G, given o.



Definition of Partial Interpolants. Each clause C' in the refutation is annotated with a partial
interpolant itp(C') that may be undefined (written o). Input clauses are labelled as in McMillan’s system,
except for clauses from G:

- C e A itp(C) = C|var(B)~

- CeB:itp(C)=T.

« CeG:itp(C) =oe.
For a derived clause C obtained by resolving C (containing p) with C'y (containing p):

1. If itp(C1) = e, set itp(C) = itp(Cs) (and symmetrically if itp(Co) = o).
2. Otherwise, if p € dom(o), set

itp(Ca) if o(p)
itp(Cy) ifo(p)

3. Otherwise (both defined and p ¢ dom(o)), apply McMillan’s rule:

(p is falsified),

=T
=1 (pis falsified).

itp(C') = {

itp(Ch) V itp(Ca) if p € var(A) \ var(B),
itp(Cy) A itp(Cy)  otherwise.

itp(C) = {

Because G is satisfiable, the refutation must use at least one clause from A U B, and the inheritance rule
preserves definedness of itp along any path through a clause with defined partial interpolant. Hence
itp(L) # e. The system satisfies the following invariant.

Proposition 1. For every clause C' in the refutation:

« ifitp(C) = e, then o satisfies C;
o ifitp(C) # e, then

ANoa ): Z'tp(o) v C[U]|vaT(A)\var(B)a BANop A itp(C) ): C[U”vaT(B)' (4)
In particular, itp(L) is a Craig interpolant of (AN o4, BN op).

Proof. By induction on the position of C in the refutation.

1. C'is an input clause. We consider three cases:

a) C € A. Then var(C) C war(A) and itp(C) = ClyarB) = Cloar(A)war(p)- Since
dom(a) Nvar(A) Nvar(B) = 0, o leaves itp(C) untouched and itp(C) = C[0]|yar(p), giv-
ing the right invariant. For the left invariant, A = C' = Cly4p(A)war(B) V Cluar(4)\var(B)>
and o4 either satisfies C' (in which case C[o] = T) or removes some o-falsified literals
from C‘var(A)\var(B); either way ANoa |: itp(C) v C[U] ’Uar(A)\var(B)~

b) C € B. Then var(C') C var(B) and itp(C) = T. The left invariant is trivial. For the right
invariant, B = C, hence B A op = Clo], and C[o]|yqr(5) = Clo].

c) C € G. Then itp(C) = o, and 0 |= G by hypothesis, so o satisfies C.

2. C is the resolvent of C; V p and —p V Cs with itp(C1 V p) = I; and itp(—p V Cs) = Is.

a) I} = e and Iy # e (the symmetric case is analogous). Then itp(C) = I3 by the inheritance
rule. By the induction hypothesis ¢ satisfies C'; V p via some literal ¢.

« If ¢ # p,then ¢ € C; C C, so o satisfies C and C[o] = T, making both sides of (4)
trivial.

« If ¢ = p, then o(p) = T and —p is o-falsified, so (—p V C2)[o] = Cs]o] is a sub-clause
of C[o]. The inductive invariant for —p V Cy transfers to C' via itp(C) = I, since
Cso]|s = Clo]|s for every S.

b) I} = I = e. Then itp(C') = e. By the induction hypothesis o satisfies clauses C; V p and
—p V Cy, so it must also satisfy their resolvent C.
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i. p € dom(o). Without loss of generality o(p) = T (the other case is symmetric); then
itp(C') = I5. As in case (a) with £ = p, —p is o-falsified, (—p V Co)[o] = Cslo] is a
sub-clause of C[o], and the inductive invariant for —p V Cy transfers to C'.

ii. p ¢ dom(o). McMillan’s rule applies, so itp(C) = I V Iz if p € var(A) \ var(B) and
itp(C') = I1 A I otherwise. The argument follows McMillan’s standard correctness
with A A o4 and B A op in place of A and B, and C|[o] in place of C.

O]

3.2. Extracting All n Definitions from One Refutation

Applying o; = {y;,y}, —e;} U {e; : j # i} to (3) produces a formula equivalent to the implicit
definability encoding (2) for y;. Proposition 1 therefore guarantees that the generalised interpolation
system, applied to any resolution refutation of (3) under o;, returns a Craig interpolant of these two
formulas over X, which is an explicit definition of y; by Beth’s theorem.

To obtain all n definitions from one refutation, we run the system n times in parallel. Every clause
C carries a vector (itp;(C), ..., itp, (C)) of partial interpolants, one per target, initialised by the leaf
rules and updated at each resolution step by the rule for the corresponding o;. The interpolant itp;(L)
at the empty clause is the desired definition of y;. For a refutation of length m, the running time and
output size is O(nm).

4. Implementation and Experiments

We implemented the definition extraction algorithm in C++, using capicaL [17] for proof generation
and ABc [18] to represent definition circuits as And-Inverter-Graphs (AIGs). For evaluation we use
a standard benchmark set for Boolean functional synthesis comprising 594 specifications [19]. Each
specification is a propositional formula (X, Y') over input variables X and output variables Y. Given
a specification together with a set {y1,...,yn} C Y of outputs that are implicitly defined by X, our
implementation generates a resolution refutation of the corresponding joint definability formula (3)
and runs the interpolation algorithm to extract their definitions.

A naive implementation that computes the n partial interpolants independently scales linearly with
the number of defined variables and is not practically viable. A shared-label representation avoids most
of this overhead by exploiting that, at almost every resolution step, the rule for itp; does not depend
on ¢. The pivots assigned by at least one o; are exactly the variables y;, y;, ejforj=1,...,n. Atany
other pivot, no o; assigns the pivot, so rule 3 of the generalised interpolation system applies uniformly
across all target variables and the entire vector evolves identically. At a pivot of the form y; or y;, only
target j uses an assigned-pivot rule, while every other target still uses rule 3 with the same operation.
At a pivot of the form e;, every o; assigns the pivot, but the falsified-side premise is the same for every
1 # 7, so target j takes one premise’s partial interpolant and all remaining targets take the other. In
every case at most one target deviates from the rule shared by all others.

We therefore store each clause as a single shared label together with a (typically small) collection of
per-target overrides: for selected target indices, a per-target label that supersedes the shared one. The
effective partial interpolant itp,;(C) is the override recorded at target 7 if there is one, and the shared
label otherwise. Input clauses carry no overrides. At a resolution step on a pivot not assigned by any
05, the new shared label is the uniform rule applied to the premises’ shared labels, and each existing
override is updated by applying the same rule to the premises’ value for the corresponding target. At
a resolution step on a pivot assigned by o, the new shared label is updated by the rule for indices
1 # j, and the resolvent records a new override at target j computed by the rule for j. The number of
overrides at a clause is bounded by the number of pivots assigned by some o; encountered along its
derivation, and is often small in practice. Structural sharing across the multi-output circuit produced by
the interpolation system then yields a circuit far smaller than the union of n independent definitions.



A second improvement avoids computing labels that do not contribute to any final interpolant. If
every path from a clause to the empty clause runs through a resolution step on some pivot p assigned by
o; at which the other premise’s partial interpolant is selected, then itp, at that clause is never read and
need not be computed. We identify these unneeded labels by a leaves-to-root traversal of the refutation
that records which labels would be computed, followed by a top-down pass that restricts attention to
those actually needed at the empty clause. We refer to this implementation as SINGLE-PROOF, since it
extracts all definitions from a single refutation of the implicit definability formula for Y as a whole.

We compare it against a PER-VARIABLE baseline that takes the same defined set {y1,...,y,} as input
and processes the variables in order: for each y; it generates a resolution refutation of the implicit
definability formula for y; in terms of X U {y1,...,v;—1} and interpolates the definition from this
refutation, then adds y; to the set of defining (shared) variables for the next iteration. This enables
sharing of subcircuits, and in combination with incremental SAT solving, the individual SAT calls are
fast.

To isolate the cost of extracting the definitions from the cost of identifying the defined subset of Y,
we first ran an independent detection pass with a 1,800 second budget on each of the 594 specifications,
recording the resulting defined set {1, . .., yn }. Detection finished within this budget on 582 instances.
The 12 that timed out all have between 13,000 and 718,000 output variables. We then fed the recorded
defined sets to both extraction tools so that detection time does not factor into the comparison. The 12
instances on which detection itself timed out count as failures for both tools.

We ran both versions of definition extraction with a 300 second timeout and an 8 GB memory limit,
recording wall-clock time and the size of the resulting multi-output circuit (number of AIG gates).
PER-VARIABLE solved 568 instances within the timeout and SINGLE-PROOF solved 551, with the 551
solved by SINGLE-PROOF a strict subset of those solved by PER-VARIABLE. Across the 551 instances solved
by both, the median wall-clock time of SINGLE-PROOF is 1.7x that of PER-VARIABLE, and its median
circuit size is 2.2x larger. Per-instance comparisons are plotted in Figure 1.
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Figure 1: Per-instance comparison of SINGLE-PROOF against PER-VARIABLE on the 594 Boolean functional synthesis
benchmarks, with a 300 second timeout. Left: wall-clock time. The dotted lines mark the timeout. Right: AIG
sizes of the multi-output definition circuit on the 366 instances solved by both that have at least one defined
variable. Both axes are logarithmic.

Figure 1 shows that SINGLE-PROOF generally produces larger circuits than PER-VARIABLE, in some
cases by more than an order of magnitude. The gap widens with the number of implicitly defined



variables, and on the largest such instances SINGLE-PROOF times out. On instances with few defined
variables the two configurations are comparable in both wall-clock time and AIG size.

To further isolate the cost of computing the refutation from the cost of building the circuit, we
re-ran both tools with circuit construction disabled. In this proof-only mode, SINGLE-PROOF solved
579 instances and PER-VARIABLE 568, with 568 instances solved by both. SINGLE-PROOF additionally
solved 11 instances on which PER-VARIABLE timed out. On the 568 instances solved by both, the median
wall-clock time of SINGLE-PROOF is (.74 x that of PER-VARIABLE—that is, SINGLE-PROOF is in fact faster
than PER-VARIABLE at producing the refutation, and the runtime gap reported above is attributable
to interpolation rather than to the SAT calls. A per-instance comparison is shown in Figure 2. On
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Figure 2: Per-instance wall-clock time when both tools are run in proof-only mode (no circuit extraction), with
a 300 second timeout. The dotted lines mark the timeout.

instances with many implicitly defined variables—precisely those where SINGLE-PROOF produces the
largest circuits in Figure 1—the joint refutation is obtained as quickly as or faster than the sequence of
per-variable proofs. A more efficient extraction would let SINGLE-PROOF convert this advantage into an
overall speedup.

5. Discussion

In our experiments, single-proof extraction produced larger circuits than the per-variable approach,
while the underlying refutations were small and generated quickly. The bottleneck therefore lies in
definition extraction, and improving its O(nm) bound (where n is the number of defined variables
and m the size of the refutation) is the main open challenge. Is O(mlogm + n) or even O(m + n)
achievable?

One caveat to the runtime comparison is that PER-VARIABLE interleaves detection and extraction
in a single SAT call, so its detection cost is inseparable from extraction, whereas SINGLE-PROOF has a
distinct detection stage that computes the defined output variables before producing the refutation. The
runtimes in Section 4 exclude detection for both tools, and accounting for it would shift the comparison
slightly in favour of PER-vARIABLE. Identifying the set of outputs implicitly defined by the inputs is an
interesting question in its own right [20].
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